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Abstract
In quantum electrodynamics with fermions f = e, µ . . . , knowledge of the vacuum
polarization spectral function determined from the tree level e+e− → f+f− cross sections,
together with a single low energy measurement of the fine structure constant α, enables
the construction of the one–loop effective charge αeff(q
2) for all q2. It is shown how an
identical procedure can be followed in the electroweak sector of the Standard Model to
construct three gauge–, scale– and scheme–independent one–loop electroweak effective
charges and an effective weak mixing angle from the tree level e+e− →W+W−, ZH and
e+νe → W
+Z, W+γ, W+H differential cross sections, together with three low energy
measurements, which may be chosen to be α and the masses of the W and Z bosons.
It is found that the corresponding proper self–energy–like functions thus constructed are
identical to those obtained in the pinch technique framework. In this way, it is shown how
the concept of effective charges in the electroweak Standard Model is as well–defined and
unique as in quantum electrodynamics.
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1 Introduction
The possibility of extending the concept of an effective charge [1] from quantum electrody-
namics to non–abelian gauge theories is of fundamental interest for at least three reasons.
First, in quantum chromodynamics, the existence of an effective charge analogous to that
of QED is explicitly assumed in renormalon analyses of the behaviour of pertubation series
at high orders [2]. The ability to identify directly and unambiguously the infinite subset of
gluon self–energy–like radiative corrections that one is summing in such analyses is important
in order to provide a well–defined basis for renormalon calculus. Second, in theories involv-
ing unstable particles, e.g. the Standard Model, the presence of such particles necessarily
requires the Dyson summation of infinite subsets of radiative corrections in order to regulate
the singularities which otherwise occur in the corresponding tree level propagators [3]. Such
summations, directly linked to the concept of an effective charge, are essential for the evalua-
tion of physical amplitudes at arbitrary values of the kinematic parameters. Third, in theories
involving disparate energy scales, e.g. grand unified theories, the extraction of accurate low–
energy predictions requires an exact treatment of threshold effects due to heavy particles [4].
The ability to construct a set of effective charges, valid for all momenta q2 and not just the
asymptotic regime governed by the renormalization group β–functions, would automatically
provide the natural way to account for such threshold effects. In all cases, the fundamental
problem is the gauge dependence, and hence ambiguity, of the gauge boson self–energies in
a non–abelian gauge theory. This gauge dependence necessarily means that the gauge boson
self–energies in such theories are not directly related to measurable quantities.
Recently however, there has been substantial progress in understanding how the QED
concept of an effective charge can be extended to non–abelian gauge theories [5–8]. The
theoretical framework which has enabled this progress is the pinch technique (PT) [9–15].
The PT is a well–defined algorithm for the rearrangement of conventional gauge–dependent
one–loop n–point functions to construct individually gauge–independent one–loop “effective”
n–point functions. This rearrangement of perturbation theory is based on the systematic use
of the tree level Ward identities of the theory to cancel in Feynman amplitudes all factors of
longitudinal four–momentum associated with gauge fields propagating in loops. In addition
to being gauge–independent, the PT “effective” n–point functions display many desirable
theoretical properties. In particular, they obey the same Ward identities as the corresponding
tree level functions.
The purpose of this paper is to discuss the relationship between effective charges and the
cross sections for certain physical processes in the electroweak sector of the Standard Model.
It is well known that in QED with fermions f = e, µ . . . , the imaginary part of, e.g., the
muon contribution to the one–loop vacuum polarization is directly related to the tree level
cross section for the process e+e− → µ+µ−. This relation is a result purely of the unitarity
of the S–matrix S = I + iT , expressed in the optical theorem for the particular case of
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Fig. 1. The relation between the imaginary part of the muon contribution to the one-loop vacuum polarization
and the tree level cross section σ(e+e− → µ+µ−) in QED.
forward scattering in the process e+e− → e+e− :
Im 〈e+e−|T |e+e−〉 =
1
2
∑
i
∫
dΓi |〈e
+e−|T |i〉|2 . (1.1)
In Eq. (1.1), the sum on the right hand side is over all on–shell physical states |i〉 compatible
with the quantum numbers of |e+e−〉; in each case the integral is over the available phase
space Γi. The tree level contribution of the muon pair |µ
+µ−〉 to the r.h.s. of Eq. (1.1) and the
corresponding imaginary part of the muon contribution to the one–loop vacuum polarization
on the l.h.s. of Eq. (1.1) are illustrated schematically in Fig. 1. The muon contribution to
the renormalized one–loop vacuum polarization may thus be reconstructed directly from the
tree level cross section σ(e+e− → µ+µ−) via a once–subtracted dispersion relation. Similarly,
the tree level contributions of the electron–positron pair |e+e−〉 to the r.h.s. of Eq. (1.1) and
the corresponding imaginary parts of the electron contribution to the one–loop diagrams on
the l.h.s. of Eq. (1.1) are illustrated schematically in Fig. 2. As indicated explicitly in Fig. 2,
the imaginary part of the one–loop self–energy [box] diagram on the l.h.s. corresponds to the
direct contribution of the s–channel [t–channel] tree level photon exchange diagram on the
r.h.s., while the imaginary part of the one–loop vertex diagram on the l.h.s. corresponds to the
interference contribution of the tree level diagrams on the r.h.s. The electron contribution
to the vacuum polarization may thus be reconstructed directly from the self–energy–like
component‡ of the tree level Bhahba scattering cross section σ(e+e− → e+e−) again via a
once–subtracted dispersion relation. Knowledge of each such contribution to the vacuum
polarization, together with a single low energy measurement of the fine structure constant
α = 1/137.036 . . . , then enables the QED one–loop effective charge αeff(q
2) to be uniquely
constructed for all values of its argument.
‡ The self–energy–like component of the experimental Bhabha cross section may be projected out from the
full cross section using a procedure analogous to that to be described here in Sec. 8.
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Fig. 2. The relation between the imaginary parts of the electron contribution to the one–loop vacuum po-
larization, vertex and box diagrams and the components of the tree level cross section σ(e+e− → e+e−) in
QED.
When QED is embedded in the electroweak sector of the Standard Model, there occur
further lowest order contributions to the relation Eq. (1.1). The tree level contributions of the
gauge boson pair |W+W−〉 to the r.h.s. of Eq. (1.1) and the corresponding imaginary parts
of the contributions of the W and its associated would–be Goldstone boson and ghost to the
one–loop diagrams for e+e− → e+e− on the l.h.s. of Eq. (1.1) are illustrated schematically
in Fig. 3 (for simplicity, the coupling of the Higgs to e+e− has been neglected). There are
two basic and well–known observations to make regarding the equation illustrated in Fig. 3.
First, on the r.h.s. of Fig. 3, each of the contributions corresponding to the individual tree level
diagrams violates unitarity [16]. It is only when the contributions, direct plus interference,
from all three diagrams are combined that, as a result of extensive cancellations, the overall
contribution on the r.h.s. of Fig. 3 is well–behaved at high energies. Second, on the l.h.s. of
Fig. 3, each of the contributions due to the imaginary parts of the one–loop self–energy, vertex
and box diagrams is individually gauge–dependent [17]. It is only when the contributions are
combined that the gauge dependencies, in particular the unphysical thresholds that in general
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Fig. 3. The schematic representation of the tree level contribution of the gauge boson pair |W+W−〉 to the
r.h.s. of Eq. (1.1) and the corresponding imaginary parts of the contributions of the W and its associated
would–be Goldstone boson and ghost, collectively denoted by “W”, to the one–loop self-energy, vertex and
box diagrams for the process e+e− → e+e− on the l.h.s. of Eq. (1.1) in the electroweak Standard Model.
occur, cancel and the overall contribution on the l.h.s. of Fig. 3 is gauge–independent. Either
of these facts alone is sufficient to prevent the unitarity relation illustrated in Fig. 3 from
holding for the individual diagrammatic contributions which occur on each side. Thus, the
simple QED relation between the components of the tree level cross sections for the interaction
of on–shell particles and the imaginary parts of the corresponding one–loop self–energy, vertex
and box diagrams is apparently lost.
In this paper, it is shown how the QED–like correspondence between individual contri-
butions on each side of Eq. (1.1) may be maintained in the electroweak Standard Model.
The starting point is a simple re–analysis of the calculation of the tree level cross section for
the process e+e− → W+W−. The crucial observation is that the cancellation mechanism
responsible for the good high energy behaviour of the overall cross section occurs directly at
the level of the tree level Feynman diagrams. Implementing this cancellation at the very first
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step in the calculation, rather than the very last, the cross section is shown to decompose nat-
urally into components which are individually well–behaved at high energy. Then, by direct
analogy with QED, the resulting self–energy–like cross section components may be used to
define manifestly gauge–independent W+W− contributions to photon and Z one–loop renor-
malized self–energies via dispersion relations. These self–energy contributions are found to be
identical to those obtained in the pinch technique. It is then shown how these self–energies,
together with that for the W gauge boson, define three gauge–independent electroweak effec-
tive charges and an effective weak mixing angle. These four effective quantities are shown to
be renormalization scale– and scheme–independent, and at high energies to match on to the
corresponding running quantities defined from the two electroweak β–functions. Finally, it
is described how the self–energy–like components of the e+e− → W+W− cross section used
to construct the W+W− contributions to the photon and Z self–energies may be extracted
directly from experiment. Explicit expressions are given for the required projection functions
in the simplified case in which the weak mixing angle is set to zero. In this way, it is shown
how the concept of an effective charge in the electroweak Standard Model is as well–defined
and unique as in QED.
The paper is organized as follows. In Sec. 2, a brief review is given of properties of the
vacuum polarization and effective charge in QED. In Sec. 3, the re–analysis of the calculation
of the tree level cross section for e+e− → W+W− is presented, together with that for e+e− →
ZH, where H is the Higgs boson. In Sec. 4, the definitions are given of the W and ZH
contributions to photon and Z one–loop self–energies in terms of the cross section components.
In Sec. 5, the corresponding set of effective charges and the effective weak mixing angle are
constructed. In Sec. 6, it is shown how these four effective quantities are related to the two
running couplings defined from the renormalization group. In Sec. 7, a comparison is made
between the effective charges constructed here and those obtained in the background field
method. In Sec. 8, the extraction of the required cross section components from experiment
is described. The paper finishes with our conclusions in Sec. 9. Some technical details are
relegated to three Appendices. Throughout, we consider only gauge field contributions to
one–loop self–energies, since fermion and scalar contributions are standard.§
2 The Effective Charge in QED
We first review some basic properties of the vacuum polarization and effective charge in QED
with fermions f = e, µ . . . . For more details see, e.g., Refs. [19].
i) The vacuum polarization function Π(q2) is gauge–independent at all q2 and to all orders
in perturbation theory.
ii) At the one–loop level, the imaginary part of Π(q2) is directly related, via the optical
theorem, to the tree level cross sections for the physical processes e+e− → f+f−. The
§For a recent extensive discussion of fermion loop effects in e+e− annihilation, see Ref. [18].
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differential cross section for these processes is given by
dσ(e+e− → f+f−)
dΩ
=
α2
4s
{
βf
βe
[
3− β2e − β
2
f + β
2
eβ
2
f cos
2 θ
]
+ δef
1
(1− cos θ)
1
β2e
[
−6 + 4β2e − 4β
2
e (2− β
2
e ) cos θ − 2β
4
e cos
2 θ
]
+ δef
1
(1− cos θ)2
1
β4e
[
4 + 6β2e + 4β
2
e (2− β
2
e ) cos θ + 2β
4
e cos
2 θ
]}
ϑ(s− 4m2f ) , (2.1)
where α = e2/4π, s is the square of the total centre of mass energy, θ is the centre of mass
scattering angle and βf =
√
1− 4m2f/s , where mf is the mass of the fermion f . In Eq. (2.1),
the terms grouped in the first, second and third sets of square parentheses correspond to the
self–energy–, vertex– and box–like contributions, respectively, shown in Fig. 2. The fact that
the vertex– and box–like contributions only occur in the case f = e, i.e. Bhabha scattering,
is indicated by the Kronecker deltas δef . From the relation Eq. (1.1), the imaginary part
of the one–loop contribution of the virtual fermion f to Π(q2) is then given directly by the
self–energy–like component of the tree level cross section σ(e+e− → f+f−):
e2
1
s
ImΠ(ff)(s) =
2βe
(3− β2e )
σs.e.l.(e
+e− → f+f−) (2.2)
= 2πα2
1
s
βf
{
2
3
+
4m2f
3s
}
ϑ(s− 4m2f ) , (2.3)
where the subscript “s.e.l.” denotes “self–energy–like”.
iii) Given a particular contribution to the spectral function ImΠ(s), the corresponding
contribution to the renormalized vacuum polarization function ΠR(q
2) can be reconstructed
via a once–subtracted dispersion relation. For example, for the one–loop contribution of the
fermion f , choosing the on–shell renormalization scheme,
Π
(ff)
R (q
2) = q2
∫ ∞
4m2
f
ds
1
s(s− q2)
1
π
ImΠ(ff)(s) (2.4)
= −
α
π
×


−
1
15
q2
m2f
+O
(
q4
m4f
)
q2/m2f → 0
+
2
3
1
2
ln
(
−
q2
m2f
)
−
5
9
+O
(
m2f
q2
)
−q2/m2f →∞ ,
(2.5)
The coefficient +2/3 of the logarithmic term in Eq. (2.5), originating from the +2/3 in the
parentheses in Eq. (2.3), is precisely the contribution of the fermion to the first coefficient β1
of the QED β–function.
iv) The infinite subset of radiative corrections summed in the Dyson series generated by
the one–particle–irreducible vacuum polarization ΠR(q
2) defines an effective charge which is
gauge–, scale–, and scheme–independent to all orders in perturbation theory:
αeff(q
2) =
e2R
4π
1
1 + ΠR(q2)
=
e2
4π
1
1 + Π(q2)
, (2.6)
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where we have used e2R = (Z
2
2Z3/Z
2
1 )e
2 and 1+ΠR = Z3(1+Π) together with the QED Ward
identity Z1 = Z2 to write αeff(q
2) purely in terms of bare quantities.
v) At −q2/m2f → ∞, the effective charge αeff(q
2) matches on to the running coupling
α¯(q2) defined from the renormalization group: at the one–loop level,
lim
−q2/m2
f
→∞
αeff(q
2) = α¯(q2) =
αR
1− αRpi β1
1
2 log(−q
2/m2f )
, (2.7)
where β1 = +
2
3nf for nf species of fermion.
vi) At q2 = 0, Π(0) specifies fully the one–loop radiative corrections to the tree level Comp-
ton scattering process γe− → γe− in the limit of vanishing photon energy. The fine structure
constant α = 1/137.036 . . . which governs Compton scattering in the classical Thomson limit
of vanishing photon energy then provides the low–energy definition of the coupling constant
for the quantum theory: at the one–loop level,
α =
e2
4π
(
1−Π(0)
)
=
e2R
4π
(
1−ΠR(0) +O(e
4)
)
. (2.8)
In the on–shell scheme, ΠR(0) = 0 and eR is identified with the physical electron charge. At
q2 = 0, the effective charge therefore matches on to the fine structure constant: αeff(0) = α.
vii) For f 6= e, the imaginary part of the one–loop contribution of the fermion f to the
spectral function ImΠ(s) is measured directly in the the tree level cross section for e+e− →
f+f−. For f = e, it is necessary to isolate the self–energy–like component of the tree level
Bhabha cross section. As a result of the form of the numerators in the second and third
square parentheses in Eq. (2.1), the decomposition of the Bhabha differential cross section
into self–energy–, vertex– and box–like components does not correspond to some set of simple
kinematic criteria. The three components of the differential cross section Eq. (2.1) are however
linearly independent functions of cos θ. They may therefore each be projected out from the
measured cross section by convolution with appropriately chosen polynomials in cos θ.
Thus, in QED, knowledge of the spectral function ImΠ(s), determined from the tree
level e+e− → f+f− cross sections, together with a single low energy measurement of the fine
structure constant α (obtained e.g. from the ac Josephson effect and the quantized Hall effect,
or from the anomalous magnetic moment of the electron [20]), enables the construction of the
one–loop effective charge αeff(q
2) for all q2. In the remainder of this paper, it will be shown
how an identical procedure can be followed in the electroweak sector of the Standard Model
to construct a set of gauge–, scale– and scheme–independent electroweak effective charges.
3 The Tree Level Processes e+e− → W+W− and e+e− → ZH
In the electroweak sector of the Standard Model, the on–shell states involving the electroweak
gauge bosonsW and Z which contribute to the r.h.s. of Eq. (1.1) at lowest order are |W+W−〉
and |ZH〉, corresponding to the tree level physical processes e+e− → W+W− and e+e− →
ZH, where H is the Higgs boson. We shall discuss these processes separately.
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γ
W+(p2, λ2)
W−(p1, λ1)
(a)
Z
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Fig. 4. The three diagrams which contribute to the process e+e− →W+W− at tree level for the case
of massless fermions.
3.1 e+e− → W+W−
We first consider the process e−(k1, s1)e
+(k2, s2)→ W
−(p1, λ1)W
+(p2, λ2), where s1, s2 and
λ1, λ2 label the polarizations of the on–shell initial and final states. For simplicity, we neglect
the fermion mass (me = 0), and hence the contribution to this process due to Higgs exchange.
The three diagrams which contribute at tree level are then as shown in Fig. 4. The relevant
kinematic variables are
s = (k1 + k2)
2 = (p1 + p2)
2 , (3.1)
t = (k1 − p1)
2 = (p2 − k2)
2 = −
1
4
s (1 + β2 − 2β cos θ) , (3.2)
where
β =
√
1−
4M2W
s
(3.3)
and θ is the centre of mass scattering angle.
The S–matrix element for this process is given by
i〈W+W−|T |e+e−〉 = iǫ∗µ(p1, λ1)ǫ
∗
ν(p2, λ2) v(k2, s2)T
µνu(k1, s1) , (3.4)
where ǫ∗µ, ǫ
∗
ν are the W
−, W+ gauge boson polarization vectors, respectively, u and v are the
fermion spinors and the amputated Green’s function T µν is given by the sum of the diagrams
in Fig. 4. The square of the modulus of 〈W+W−|T |e+e−〉, averaged over the initial state
polarizations and summed over the final state polarizations, may be written
1
4
∑
s1,s2
∑
λ1,λ2
|〈W+W−|T |e+e−〉|2
=
1
4
∑
s1,s2
(
v Tµ′ν′u
)∗(
−gµ
′µ +
pµ
′
1 p
µ
1
M2W
)(
−gν
′ν +
pν
′
2 p
ν
2
M2W
)(
v Tµνu
)
(3.5)
=
2π2α2
s4w
∑
i,j
Mij , (3.6)
8
where i, j = γ, Z, ν, and sw is the sine of the weak mixing angle (e = gsw, where g is the
SU(2)L coupling). In (3.6), the Mij are the various contributions corresponding directly to
the diagrams in Fig. 4. For example,Mγγ is the contribution of the diagram in Fig. 4(a), while
MZν is the Z–ν interference term. These contributions were first calculated almost twenty
years ago by Alles, Boyer and Buras, and are given in Eqs. (4.5)–(4.13) of their paper [16].
The differential cross section is then given by
dσ(e+e− →W+W−)
dΩ
=
α2
32s4w
β
1
s
∑
i,j
Mij ≡
∑
i,j
dσij
dΩ
. (3.7)
Although the individual contributions dσij/dΩ ∝Mij in Eq. (3.7) diverge at high energies, the
overall differential cross section dσ/dΩ is well behaved as a result of extensive cancellations
among the various dσij/dΩ. However, the bad high energy behaviour of the dσij/dΩ precludes
the use of the optical theorem (1.1) to interpret individually the components {σγγ , σγZ , σZZ},
{σγν , σZν} and {σνν} of the tree level cross section for the process e
+e− →W+W− in terms
of the imaginary parts of renormalizable one–loop self–energy–like, vertex–like and box–like
W+W− contributions, respectively, to the process e+e− → e+e−.
Here however, rather than decomposing the differential cross section according to the
propagator structure of the Green’s function T µν , as represented by the diagrams in Fig. 4,
we will decompose dσ/dΩ according to the propagator structure occurring in the square of the
modulus of the corresponding S–matrix element iǫ∗µǫ
∗
ν v T
µνu. The crucial observation is that
these two decompositions are distinct. This distinction is a fundamental consequence of the
non–abelian structure of the electroweak theory, and is encoded in the Ward identity obeyed
by T µν . When the factors of longitudinal four–momentum p1µ, p2ν occurring in theW
−, W+
polarizations sums in (3.5) are contracted with T µν , this Ward identity i) enforces the exact
cancellation among the contributions from diagrams with distinct s– and t–channel propa-
gator structure which individually diverge at high energy, and ii) specifies the non–vanishing
contributions which remain after this cancellation and which are individually well–behaved
at high energy. It is these latter non–vanishing contributions from the longitudinal factors
in (3.5), of purely non–abelian origin,¶ which are responsible for the distinction between the
pole structure of the Green’s function T µν and that occurring in the square of the modulus
of the S–matrix element iǫ∗µǫ
∗
ν v T
µνu.
The square of the modulus of the S–matrix element in (3.5) may thus be decomposed in
terms of a new set of components Mˆij , defined as before in terms of the propagator structures
which occur, but only after the systematic implementation of the Ward identity obeyed by
T µν and triggered by the factors of longitudinal four–momentum p1µ, p2ν occurring in the
external W−, W+ polarization vectors. The differential cross section is then given in terms
¶ In QED, the abelian gauge invariance of the theory is such that, for any S–matrix element involving
external photons, the Ward identities ensure that the contribution due to a longitudinal factor pµ associated
with the polarization vector ǫµ(p, λ) for an external photon vanishes identically.
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of the components Mˆij by
dσ(e+e− →W+W−)
dΩ
=
α2
32s4w
β
1
s
∑
i,j
Mˆij ≡
∑
i,j
dσˆij
dΩ
. (3.8)
It is emphasized that the decomposition Eq. (3.8) is uniquely specified by the Ward identity
for T µν . As will be seen, the decomposition of the tree level cross section for e+e− →W+W−
in terms of the pole structure occurring in the modulus–squared of the S–matrix element
(3.4), rather than that of the corresponding Green’s function, will enable the use of the
optical theorem (1.1) to interpret individually the various components σˆij in terms of the
imaginary parts of renormalizable one–loop self–energy–like, vertex–like and box–likeW+W−
contributions, respectively, to the process e+e− → e+e−.
We begin by decomposing the triple gauge vertex appearing in Figs. 4(a) and (b) as [21]
Γρµν = Γ
F
ρµν + Γ
P
ρµν , (3.9)
where
ΓFρµν(q;−p1,−p2) = (p2 − p1)ρgµν − 2qµgρν + 2qνgρµ , (3.10)
ΓPρµν(q;−p1,−p2) = p1µgρν − p2νgρµ . (3.11)
The component ΓFρµν obeys a simple Ward identity involving the difference of inverse gauge
field propagators in the Feynman gauge: qρΓFρµν(q;−p1,−p2) = (p
2
2− p
2
1)gµν . The component
ΓPρµν vanishes when contracted into the polarization vectors for the on–shell W
+W− pair:
pµ1ǫµ(p1, λ1) = p
ν
2ǫν(p2, λ2) = 0.
Choosing to work in the Feynman–’t Hooft gauge, the amputated Green’s function rep-
resented by the sum of the three diagrams in Fig. 4 may then be decomposed as [7, 8]
Tµν = T
F
µν + T
P
µν , (3.12)
where
TFµν =
(
ie2γρ
1
s
+ ig2γρ(a− bγ5)
1
s −M2Z
)
ΓFρµν −
1
8
ig2γν(1− γ5)
1
k/1 − p/1
γµ(1− γ5) ,(3.13)
TPµν =
(
ie2γρ
1
s
+ ig2γρ(a− bγ5)
1
s −M2Z
)
ΓPρµν , (3.14)
(a = 14 − s
2
w, b =
1
4). The component T
P
µν makes no contribution to the S–matrix element
(3.4). Thus, in the expression (3.5), we only need to consider the components TFµ′ν′ , T
F
µν .
‖
The next step is to evaluate the effect of the factors of longitudinal four–momenta in
Eq. (3.5). For a factor pµ1 , using the tree level Ward identities
pµ1Γ
F
ρµν(q;−p1,−p2) = −(s+ p
2
1 − p
2
2)gρν + qρqν + (p1 − p2)ρp2ν , (3.15)
pµ1γµ = k/1 − (k/1 − p/1) , (3.16)
‖ It is worth remarking that the decomposition (3.12) is not necessary, but simply facilitates the calculation
of the cross section.
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pν2 ✲
pµ1
✲
γ
(a)
pν2 ✲
pµ1
✲
Z
(b)


pν2 ✲
pµ1
✲
νe
(c)
pinch
✲
pinch
✲ + + · · ·
(d)
−
(e)
Fig. 5. The diagrammatic representation of the cancellation between i) the component of the diagrams
(a) and (b) in which the γ and Z propagators have been cancelled (pinched) by the action of the factors
of longitudinal four–momentum pµ1 , p
ν
2 appearing in the W
−, W+ polarization sums in Eq. (3.5), and
ii) the entire contribution of the diagram (c), in which the νe propagator has been cancelled (pinched)
by the same factors. The ellipsis in diagram (d) represents the remaining terms.
together with the fact that the external fields are on–shell (so that v(k2, s2)k/2 = k/1u(k1, s1) =
0 and p21 = p
2
2 =M
2
W ), we obtain
pµ1 v T
F
µνu = gsw
(
−ie vγρu
)1
s
(p2 − p1)ρp2ν
+ gcw
(
−i(g/cw)vγ
ρ(a− bγ5)u
) 1
s−M2Z
(
M2Zgνρ + (p2 − p1)ρp2ν
)
. (3.17)
The simple dependence of this expression on the s–channel γ and Z propagators and the
corresponding eeγ and eeZ couplings is apparent. The crucial feature of the Ward identity
Eq. (3.17) is the exact cancellation which has occurred between i) components of the γ and
Z contributions to TFµν in Eq. (3.13) in which the γ and Z propagators have been cancelled
(pinched) by the term sgρν in Eq. (3.15), and ii) the entire ν contribution to T
F
µν in which
the νe propagator has been cancelled (pinched) by the term k/1 − p/1 in Eq. (3.16). This
cancellation is illustrated in Fig. 5.
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Using the Ward identity Eq. (3.17) together with the similar expressions for the various
other longitudinal factors which occur in Eq. (3.5), we can isolate the contributions to the
cross section according to the γ, Z and ν propagator structure occurring in the square of the
modulus of the S–matrix element, as described above. In the centre of mass frame we obtain:
Mˆγγ = s
4
w
{
12β2 sin2 θ − 64
}
, (3.18)
MˆγZ = 2s
2
wa
s
(s−M2Z)
{(
12− 2
1
c2w
)
β2 sin2 θ − 64
}
, (3.19)
MˆZZ = (a
2 + b2)
s2
(s −M2Z)
2
{(
12− 4
1
c2w
+
1
c4w
)
β2 sin2 θ − 64 + 16
1
c4w
M2W
s
}
; (3.20)
Mˆγν = 2s
2
w
s
t
{
β2 sin2 θ − 4(1− β cos θ)
}
, (3.21)
MˆZν = 2(a+ b)
s
(s−M2Z)
s
t
{
β2 sin2 θ − 4(1 − β cos θ)
}
; (3.22)
Mˆνν =
1
2
s2
t2
β2 sin2 θ . (3.23)
The above expressions have been grouped into self–energy–like, vertex–like and box–like con-
tributions according to the presence of zero, one or two internal νe propagators, respectively.
In each case, an overall factor ϑ(s− 4M2W ) has been omitted for brevity.
Carrying out the angular integrations, the corresponding contributions to the total cross
section are given by
σˆγγ = 2πα
2 1
s
β
{
−
7
2
−
2
y
}
, (3.24)
σˆγZ = 4πα
2 a
s2wc
2
w
1
(s−M2Z)
β
{
−
43
12
−
5
3y
− s2w
(
−
7
2
−
2
y
)}
, (3.25)
σˆZZ = 2πα
2 (a
2 + b2)
s4wc
4
w
s
(s −M2Z)
2
β
{
−
29
8
−
1
2y
− 2s2w
(
−
43
12
−
5
3y
)
+ s4w
(
−
7
2
−
2
y
)}
;(3.26)
σˆγν = 4πα
2 1
s2w
1
s
β
{(
1
y
+
1
2y2
)
L
β
+
3
8
+
1
4y
}
, (3.27)
σˆZν = 4πα
2 (a+ b)
s4w
1
(s −M2Z)
β
{(
1
y
+
1
2y2
)
L
β
+
3
8
+
1
4y
}
; (3.28)
σˆνν = 2πα
2 1
s4w
1
s
β
{(
1
4
−
1
2y
)
L
β
−
1
4
}
. (3.29)
Here y ≡ s/M2W , L ≡ ln[(1 + β)/(1 − β)] and again the factor ϑ(s− 4M
2
W ) is omitted.
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Fig. 6(a). The components σij , i, j = γ, Z, ν, of the tree level cross section σ(e
+e− → W+W−),
corresponding to the decomposition directly in terms of the diagrams in Fig. 4, taken from Ref. [16].
The dashed line is the full cross section, given by the sum of the components.
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Fig. 6(b). The components σˆij , i, j = γ, Z, ν, of the tree level cross section σ(e
+e− → W+W−),
corresponding to the decomposition according to the propagator structure occurring in the square of
the modulus of the S–matrix element, and given in Eqs. (3.24)–(3.29).
The cross section components σˆij given in Eqs. (3.24)–(3.29) are shown plotted in Fig. 6(b).
These plots are to be compared with the plots of the components σij obtained by Alles, Boyer
and Buras [16] shown in Fig. 6(a).
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Several remarks are in order:
• It is easily verified that these expressions Eqs. (3.18)–(3.23) and (3.24)–(3.29) combine
to reproduce, respectively, the correct differential and total cross sections given in [16].
• At asymptotic s, each of the contributions Mˆij ∼ const. This is in contrast to the
conventional decomposition, in which, as a result of the longitudinal factors in the W+,
W− polarization sums, each of the Mij ∼ s
2 so that individually they violate unitarity;
it is only when summed that, as a result of cancellations,
∑
ij Mij ∼ const. and unitarity
is restored [22, 23]. Here, by systematically implementing on the r.h.s. of Eq. (3.5) the
Ward identity Eq. (3.17) triggered by these longitudinal factors, this cancellation has
occurred at the level of the individual components Mˆij of the differential cross section
rather than the overall differential cross section itself.
• The three self–energy–like cross section contributions σˆγγ , σˆγZ and σˆZZ are each neg-
ative. This is directly related to the fact that the W± gauge boson contributions
to the one–loop electroweak β–functions are negative. In particular, the coefficient
−72 = −
11
6 ×2 +
1
6 in the expression Eq. (3.24) for σˆγγ is precisely the one–loop con-
tribution of the massive W± gauge bosons to the β–function for the electromagnetic
coupling α. Similarly, writing JγJZ = (J3 +
1
2JY )J3 − s
2
wJγJγ where Jγ , JZ , J3 and JY
are the currents which couple to the γ, Z,W3 and B gauge fields respectively (W3 is the
neutral component of the SU(2)L triplet, while B is the U(1)Y singlet), the coefficient
−4312 = −
11
6 ×2 +
1
12 in the expression Eq. (3.25) for σˆγZ is the one–loop contribution
of the massive W± gauge bosons to the β–function for the SU(2)L coupling g
2/4π. In
each case, the term −116 ×2 is the pure gauge field contribution, while the terms +
1
6
and + 112 respectively are the contributions of the complex doublet of scalars involved
in the spontaneous symmetry breaking (cf. Sec. 6). The appearance of the W± gauge
boson contributions to the electroweak β–functions in the e+e− → W+W− cross sec-
tion components σˆγγ and σˆγZ is exactly analogous to the appearance of the f
± fermion
contribution to the QED β–function in the e+e− → f+f− cross section Eq. (2.3).
3.2 e+e− → ZH
We next consider the process e−(k1, s1)e
+(k2, s2)→ Z(p1, λ1)H(p2) at tree level, where H is
the Higgs scalar. Neglecting the fermion mass, the only diagram which contributes to this
process is that shown in Fig. 7.
A straightforward calculation gives for the cross section
σ(e+e−→ZH) = 2πα2
(a2+b2)
s4wc
4
w
s
(s−M2Z)
2
λ
1
2 (s,MZ ,MH)
{
1
24
+
5M2Z
12s
−
M2H
12s
+
(M2Z−M
2
H)
2
24s2
}
(3.30)
where MH is the Higgs mass and λ(s,Mi,Mj) = (1− (Mi +Mj)
2/s)(1− (Mi −Mj)
2/s).
14
e+(k2, s2)
e−(k1, s1)
Z
H(p2)
Z(p1, λ1)
Fig. 7. The single diagram which contributes to the process e+e− → ZH at tree level for the case of
massless fermions.
Two remarks are in order:
• The calculation of the cross section Eq. (3.30) involves only a single diagram, so that,
in contrast to the process e+e− → W+W−, there is no cancellation to account for
involving factors of external gauge field longitudinal four–momentum.
• In the high energy limit s/M2Z → ∞, the sum of the e
+e− → W+W− self–energy–like
cross section component σˆZZ Eq. (3.26) and the e
+e− → ZH cross section Eq. (3.30)
is given by
σˆZZ(e
+e− →W+W−) + σ(e+e− → ZH) =
2πα2
(a2 + b2)
s4wc
4
w
1
s
{
−
43
12
− 2s2w
(
−
43
12
)
+ s4w
(
−
7
2
)
+O
(
M2Z
s
,
M2H
s
)}
. (3.31)
Writing JZJZ = J3J3 − 2s
2
w(J3 +
1
2JY )J3 + s
4
wJγJγ , the coefficient −
43
12 = −
29
8 +
1
24 =
−116 ×2 +
1
12 in Eq. (3.31) is again precisely the one–loop contribution of the massive
electroweak gauge bosons to the β–function for the SU(2)L coupling g
2/4π (cf. Sec. 6).
4 The Electroweak Gauge Boson Self-Energies
We now turn to the gauge boson self-energies. In general, the transverse self–energy function
Σij for gauge bosons i, j requires two subtractions, for mass and field renormalization
∗∗: with
subtraction point sij, the renormalized self–energy ΣR,ij is given by
ΣR,ij(q
2) = Σij(q
2)− Σij(sij)− (q
2 − sij)
∂Σij(q
2)
∂q2
∣∣∣∣∣
sij
(4.1)
= (q2 − sij)
2
∫ ∞
0
ds
1
(s− q2)(s − sij)2
1
π
ImΣij(s) . (4.2)
∗∗ For a thorough review of radiative corrections in electroweak theory, where many references may be found,
see e.g. Ref. [24]
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In the case where sij = 0 and Σij(0) = 0, writing Σij(q
2) = q2Πij(q
2), the twice–subtracted
dispersion relation Eq. (4.2) reduces to a once–subtracted expression identical to Eq. (2.4)
for the QED vacuum polarization renormalized in the on–shell scheme.
In the conventional perturbation theory approach, the gauge boson plus associated would–
be Goldstone boson and ghost contributions to the electroweak self–energies Σij are gauge–
dependent (for expressions in the class of renormalizable gauges, see e.g. Refs. [25]). Here
however, rather than considering the contributions to Σij from one–loop perturbation theory
diagrams in a given gauge, we will follow the dispersive procedure described in Sec. 2 for
the case of QED to define one–loop electroweak self–energy–like functions Σˆij directly from
the tree level cross sections for physical processes. In particular, having decomposed the tree
level cross section for e+e− →W+W− in terms of the pole structure occurring in the square
of the modulus of the corresponding S–matrix element, we define the imaginary parts of the
W+W− contributions to the Σˆij via
e2
1
s2
Im Σˆ(WW )γγ (s) = σˆγγ(e
+e− →W+W−) , (4.3)
2e2
a
swcw
1
s(s−M2Z)
Im Σˆ(WW )γZ (s) = σˆγZ(e
+e− →W+W−) , (4.4)
e2
(a2 + b2)
s2wc
2
w
1
(s −M2Z)
2
Im Σˆ(WW )ZZ (s) = σˆZZ(e
+e− →W+W−) . (4.5)
Similarly, we define the imaginary part of the ZH contribution to ΣˆZZ via
e2
(a2 + b2)
s2wc
2
w
1
(s−M2Z)
2
Im Σˆ(ZH)ZZ (s) = σ(e
+e− → ZH) . (4.6)
These definitions are by direct analogy with the QED relation Eq. (2.2) (with me = 0)
between the imaginary part of the fermion contribution to the one–loop photon self–energy
Σ(q2) = q2Π(q2) and the tree level cross section for e+e− → f+f−: in each case there is
a factor consisting of the product of propagators (q2 −M2i )
−1(q2 −M2j )
−1 multiplying the
couplings of the corresponding gauge fields i, j to the e+e− pair. Given the contribution of
a particular pair of fields to Im Σˆij together with an appropriate choice for the subtraction
point sij, the contribution of the fields to the renormalized self–energy function ΣˆR,ij can
then be reconstructed using the dispersion relation Eq. (4.2).
It is emphasized that the analogy with the QED relation Eq. (2.2) uniquely specifies the
W+W− contributions to the one–loop self–energies in terms of the self–energy–like compo-
nents of the tree level e+e− →W+W− cross section, which are in turn uniquely specified by
the systematic and exhaustive implementation of the Ward identity for the corresponding tree
level amputated Green’s function, as described in Sec. 3.1. In particular, the renormalized
self–energies Σˆij defined in this way in terms of the cross sections for physical processes are
clearly gauge–independent. Furthermore, we will show how, by defining the electroweak self–
energies by direct analogy with the properties (ii) and (iii) of the QED self–energy described
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in Sec. 2, not only does the basic QED property (i) of gauge independence extend to the
electroweak theory (to one–loop level), but also each of the further properties (iv)–(vii).
We now choose the on–shell renormalization scheme. The subtraction points are then
sγγ = sγZ = 0 and sZZ = M
2
Z . Using the definitions Eqs. (4.3)–(4.5), the imaginary parts of
the W+W− contributions to Σˆγγ , ΣˆγZ and ΣˆZZ may be read off from the e
+e− → W+W−
cross section contributions σˆγγ , σˆγZ and σˆZZ , respectively, given in Eqs. (3.24)–(3.26). Insert-
ing these expressions in the dispersion relation Eq. (4.2) and carrying out the integrations,
we obtain:
Σˆ(WW )R,γγ (q
2) =
α
π
q2
{(
7
2
+
2M2W
q2
)
B(q2) +
1
6
}
, (4.7)
Σˆ(WW )R,γZ (q
2) =
α
π
1
swcw
q2
{[(
43
12
+
5M2W
3q2
)
− s2w
(
7
2
+
2M2W
q2
)]
B(q2) +
5
36
− s2w
1
6
}
,(4.8)
Σˆ(WW )R,ZZ(q
2) =
α
π
1
s2wc
2
w
(
q2 −M2Z
)
×{[(
29
8
+
M2W
2q2
)
− 2s2w
(
43
12
+
5M2W
3q2
)
+ s4w
(
7
2
+
2M2W
q2
)]
q2
(
B(q2)−B(M2Z)
q2 −M2Z
)
−
[(
29
8
+
1
2
c2w
)
− 2s2w
(
43
12
+
5
3
c2w
)
+ s4w
(
7
2
+ 2c2w
)]
M2Z
dB(q2)
dq2
∣∣∣∣∣
M2
Z
}
, (4.9)
where the function B(q2) is given by
B(q2) =
β
2
ln
(
β + 1
β − 1
)
− 1 , β =
√
1−
4M2W
q2
. (4.10)
Thus,
ImB(q2) = −
π
2
β ϑ(q2 − 4M2W ) , (4.11)
q2
dB(q2)
dq2
=
1
β2
(
2M2W
q2
B(q2) +
1
2
)
. (4.12)
For asymptotic q2,
B(q2) =


−
1
12
q2
M2W
−
1
120
q4
M4W
+O
(
q6
M6W
)
q2/M2W → 0
1
2
ln
(
−
q2
M2W
)
− 1 +O
(
M2W
q2
)
−q2/M2W →∞ .
(4.13)
Similarly, using the definition Eq. (4.6), the imaginary part of the ZH contribution to
ΣˆR,ZZ may be read off from the cross section for e
+e− → ZH given in Eq. (3.30). The
function Σˆ(ZH)R,ZZ(q
2) may then be obtained from the dispersion relation Eq. (4.2). The resulting
expression is given in App. A.
The expressions Eqs. (4.7)–(4.9) for Σˆ(WW )R,γγ , Σˆ
(WW )
R,γZ and Σˆ
(WW )
R,ZZ and Eq. (A.8) for Σˆ
(ZH)
R,ZZ
are identical to the corresponding renormalized gauge–independent self–energy contributions
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obtained in the pinch technique [13]. In the usual pinch technique approach, these self–energy
contributions were obtained via the rearrangement of conventional one–loop perturbation
theory diagrams. Here, we have obtained exactly the same results directly from components
of the tree level cross sections for physical processes.
An exactly similar procedure to that described above can be carried out for the charged
current interactions in order to define the gauge boson contributions to the renormalized
one–loop W self–energy ΣˆR,WW . The relation between the imaginary part of ΣˆR,WW and the
tree level cross sections for the corresponding physical processes is specified by the optical
theorem for the case of forward scattering in the process e+νe → e
+νe :
Im 〈e+νe|T |e
+νe〉 =
1
2
∑
i
∫
dΓi |〈e
+νe|T |i〉|
2. (4.14)
The on–shell states involving the electroweak gauge bosons W and Z which contribute to the
r.h.s. of Eq. (4.14) at lowest order are |W+Z〉, |W+γ〉 and |W+H〉, corresponding to the tree
level physical processes e+νe →W
+Z, e+νe →W
+γ and e+νe →W
+H.
For the processes e+νe →W
+Z and e+νe →W
+γ, an exactly similar cancellation occurs
among contributions to the cross section involving factors of external gauge field longitudi-
nal four–momentum as occurred in the process e+e− → W+W− analysed in Sec. 3.1. In
each case, the square of the modulus of the S–matrix element may be decomposed according
to the pole structure which occurs after the systematic implementation of the Ward identity
obeyed by the corresponding Green’s function. In particular, the self–energy–like components
σˆWW (e
+νe →W
+Z) and σˆWW (e
+νe → W
+γ) of the two cross sections are the contributions
after cancellations which involve a pair of s–channel W propagators (s−M2W )
−1. The imagi-
nary parts of the WZ and Wγ contributions to the W self–energy ΣˆWW are then defined via
(me = 0)
e2
1
4s2w
1
(s−M2W )
2
Im Σˆ(WZ)WW (s) = σˆWW (e
+νe →W
+Z) , (4.15)
e2
1
4s2w
1
(s−M2W )
2
Im Σˆ(Wγ)WW (s) = σˆWW (e
+νe →W
+γ) . (4.16)
For the process e+νe → W
+H, involving only a single diagram at tree level, there is no
cancellation to account for. The imaginary part of the WH contribution to ΣˆWW is defined
via
e2
1
4s2w
1
(s −M2W )
2
Im Σˆ(WH)WW (s) = σ(e
+νe →W
+H) . (4.17)
In the on–shell renormalization scheme, the subtraction point sWW = M
2
W . The WZ,
Wγ and WH contributions to the renormalized one–loop W self–energy ΣˆWW can then
be reconstructed from the expressions for σˆWW (e
+νe → W
+Z), σˆWW (e
+νe → W
+γ) and
σ(e+νe → W
+H), respectively, using the dispersion relation Eq. (4.2) in conjunction with
the above definitions. The resulting expressions for the functions Σˆ(WZ)WW , Σˆ
(Wγ)
WW and Σˆ
(WH)
WW
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are given in App. A. These functions are again identical to the corresponding renormalized
gauge–independent self–energy contributions obtained in the pinch technique [13].
It is important to point out that the PT one–loop gauge boson self–energy functions are
universal [14]. This is a direct result of the tree level Ward identities of the given theory [7,8].
In the approach followed here, this universality corresponds to the fact that the imaginary
parts of the one–loop contributions of fields C, D to the PT self–energies may be obtained
from the self–energy–like components of the tree level cross section σ(AB → CD) for the
interaction of any pair of fields A, B to which the gauge bosons couple at tree level. For
example, the W+W− contributions to Σˆγγ , ΣˆγZ and ΣˆZZ may just as well be obtained from
the self–energy–like components of the cross section σ(W+W− →W+W−) as from the cross
section σ(e+e− →W+W−) considered here.
5 The Electroweak Effective Charges
We next turn to the electroweak effective charges. Beyond tree level, the γ–Z mixing induced
by the ΣˆγZ self–energy requires the neutral current sector to be re–diagonalized. In Refs. [6,8],
it has been shown how the pinch technique gauge boson self–energies may be summed in
Dyson series, in exactly the same way as the conventional gauge–dependent self–energies. We
can therefore follow the standard diagonalization procedure [26] except for the use of PT
self–energies in place of the conventional functions.
The PT bare neutral current two–point functions can be written in matrix form as
ΓˆNC =
(
q2 + Σˆγγ ΣˆγZ
ΣˆγZ q
2 −M2Z + ΣˆZZ
)
. (5.1)
The PT two–point component of the neutral current amplitude for the interaction between
fermions with charges Q, Q′ and isospins I3, I
′
3 is then given in terms of the inverse of the
matrix ΓˆNC by the expression
(
eQ′
e
swcw
(I ′3 − s
2
wQ
′)
)
Γˆ−1NC

 eQe
swcw
(I3 − s
2
wQ)

 =
(
eQ′
e
swcw
(I ′3 − s
2
w,eff(q
2)Q′)
) ∆ˆγ(q2) 0
0 ∆ˆZ(q
2)



 eQe
swcw
(I3 − s
2
w,eff(q
2)Q)

 .(5.2)
The r.h.s. of this equation, where the neutral current interaction between the fermions has
been written in diagonal (i.e. Born–like) form, defines the diagonal propagator functions ∆ˆγ
and ∆ˆZ and the effective weak mixing angle s
2
w,eff . They are given by
∆ˆγ(q
2) =
1
q2 + Σˆγγ(q2)
, (5.3)
∆ˆZ(q
2) =
1
q2 −M2Z + ΣˆZZ(q
2)− Σˆ2γZ(q
2)/(q2 + Σˆγγ(q2))
, (5.4)
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and
s2w,eff(q
2) = s2w
(
1 +
cw
sw
ΣˆγZ(q
2)
q2 + Σˆγγ(q2)
)
= s2R,w
(
1 +
cR,w
sR,w
ΣˆR,γZ(q
2)
q2 + ΣˆR,γγ(q2)
)
. (5.5)
In App. B, it is shown how the amplitude (5.2) for the Dyson–summed PT bare two–point
component of the neutral current interaction between fermions takes exactly the same form
when expressed in terms of renormalized quantities. This is a direct result of the tree–level–
like Ward identities obeyed by the PT one–loop n–point functions. The effective weak mixing
angle s2w,eff , defined above in terms of bare quantities in the first equality in (5.5), therefore
takes exactly the same form when expressed in terms of the corresponding renormalized
quantities as in the second equality in (5.5). It is emphasized that the expressions Eqs. (5.3)–
(5.5) are valid to all orders in perturbation theory (although, to date, the PT proper self–
energies have only been computed to one–loop order).
The amplitude for the Dyson–summed PT two–point component of the charged current
interaction between fermions may be written
e2
2s2w
(
I+I
′
− + I−I
′
+
)
∆ˆW (q
2) (5.6)
where I+, I− are the SU(2)L isospin charge raising and lowering operators, and the propagator
function is given by
∆ˆW (q
2) =
1
q2 −M2W + ΣˆWW
. (5.7)
In App. B, the amplitude (5.6) is also shown to take exactly the same form when expressed
in terms of renormalized quantities.
We see that at the one–loop level, the only effect of the ΣˆγZ self–energy is to correct the
weak mixing angle. At the one–loop level, the complex pole positions s¯γ , s¯Z and s¯W of the
diagonal propagators ∆ˆγ , ∆ˆZ and ∆ˆW are thus given by the solutions of
s¯i −M
2
i + Σˆii(s¯i) = 0 , i = γ, Z,W, (5.8)
(no sum over i; for the photon, Mγ = 0 and Σˆγγ(0) = 0 so that s¯γ = 0.) The bare one–loop
self–energy functions Σˆγγ , ΣˆZZ and ΣˆWW may be expanded around the corresponding pole
positions s¯γ , s¯Z and s¯W as
††
Σˆii(q
2) = Σˆii(s¯i) + (q
2 − s¯i)Πˆii(q
2) , i = γ, Z,W. (5.9)
The diagonal propagators ∆ˆγ , ∆ˆZ and ∆ˆW can then be written in terms of the functions Πˆγγ ,
ΠˆZZ and ΠˆWW as
∆ˆi(q
2) =
1
(q2 − s¯i)(1 + Πˆii(q2))
, i = γ, Z,W, (5.10)
†† For a discussion of expansions of the Dyson–summed electroweak self–energies about the pole positions,
see Ref. [33].
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i.e. with the pole explicitly factored out in each case. The Dyson series of one–loop electroweak
radiative corrections included in these propagators may then be fully accounted for by the
three effective charges
αeff(q
2) =
e2
4π
1
1 + Πˆγγ(q2)
=
e2R
4π
1
1 + ΠˆR,γγ(q2)
, (5.11)
αZ,eff(q
2) =
e2
4πs2wc
2
w
1
1 + ΠˆZZ(q2)
=
e2R
4πs2R,wc
2
R,w
1
1 + ΠˆR,ZZ(q2)
, (5.12)
αW,eff(q
2) =
e2
4πs2w
1
1 + ΠˆWW (q2)
=
e2R
4πs2R,w
1
1 + ΠˆR,WW (q2)
. (5.13)
In Eqs. (5.11)–(5.13), the effective charges have also been written in terms of the corresponding
renormalized quantities. Again, this is a direct result of the tree–level–like Ward identities
obeyed by the PT one-loop n–point functions, as described in App. B. In the on–shell scheme,
the subtraction points used in Eq. (4.1) to define the renormalized self–energy functions are
given by the corresponding pole positions. In this scheme, the functions ΠˆR,ii are then related
to the functions ΣˆR,ii(q
2) by the simple expressions
ΣˆR,ii(q
2) = (q2 − s¯i)
(
Πˆii(q
2)− Πˆii(s¯i)
)
(5.14)
= (q2 − s¯i) ΠˆR,ii(q
2) , i = γ, Z,W. (5.15)
Thus, we see that the radiative corrections to the tree level electroweak two–point functions
are fully accounted for by four independent effective quantities: the effective weak mixing
angle in Eq. (5.5), and the three effective charges in Eqs. (5.11)–(5.13). In an exactly similar
way to the QED effective charge in Eq. (2.6), these four electroweak effective quantities are
gauge–independent, since the self–energy functions ΣˆγZ , Σˆγγ , ΣˆZZ and ΣˆWW are gauge–
independent; and also manifestly renormalization scale– and scheme–independent, since they
may be expressed entirely in terms of bare quantities.
6 The Effective Charges and the Renormalization Group
It is instructive to compare the effective charges constructed in the previous section with
the corresponding running quantities defined from the renormalization group. In particular,
we will show how at high energy the four independent effective quantities αeff , αZ,eff , αW,eff
and s2w,eff in Eqs. (5.11)–(5.13) and (5.5) may be expressed in terms of just two independent
running quantities α¯ and s¯2w.
The two β–functions associated with the electroweak gauge groups SU(2)L and U(1)Y are
defined in terms of the corresponding renormalized couplings gR and g
′
R, respectively, by
β(gR, g
′
R) =
µ
g2R
dg2R
dµ
= β1
g2R
4π2
+ . . . , (6.1)
β′(gR, g
′
R) =
µ
g′2R
dg′2R
dµ
= β′1
g′2R
4π2
+ . . . , (6.2)
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where µ is the renormalization scale. The first coefficients in the perturbative expansions are
given by
β1 = −
43
12
+
2
3
Ng , (6.3)
β′1 = +
1
12
+
10
9
Ng , (6.4)
for Ng fermion generations. The term +
1
12 in the expression for β
′
1 is the contribution of the
complex Higgs doublet of scalar fields, while the term −4312 = −
11
6 ×2+
1
12 in the expression for
β1 is the sum of the contributions of the pure SU(2)L gauge fields and the Higgs doublet. The
solutions of the two differential equations in Eqs. (6.1) and (6.2) then define the SU(2)L and
U(1)Y running couplings g¯
2 and g¯′2, respectively: in the leading–logarithm approximation,
g¯2(µ2) =
g2R
1−
g2
R
4pi2β1
1
2 ln(µ
2/µ20)
, (6.5)
g¯′2(µ2) =
g′2R
1−
g′2
R
4pi2β
′
1
1
2 ln(µ
2/µ20)
, (6.6)
where g¯2(µ20) = g
2
R and g¯
′2(µ20) = g
′2
R .
The two renormalized couplings gR and g
′
R may be traded for a renormalized electromag-
netic coupling αR and a renormalized weak mixing angle sR,w, defined by
αR =
1
4π
g2Rg
′2
R
g2R + g
′2
R
, (6.7)
s2R,w =
g′2R
g2R + g
′2
R
. (6.8)
These definitions are by analogy with those of the tree level electromagnetic coupling α and
tree level weak mixing angle sw in terms of the bare couplings g and g
′. The corresponding
renormalization group functions βem and δsw associated with αR and sR,w are then defined
by
βem(αR, sR,w) =
µ
αR
dαR
dµ
= βem1
αR
π
+ . . . , (6.9)
δsw(αR, sR,w) = −µ
ds2R,w
dµ
= δsw1
αR
π
+ . . . , (6.10)
(the minus sign in Eq. (6.10) is for convenience). The function βem is thus the β–function
for the electromagnetic coupling in the presence of the electroweak interactions. From the
definitions Eqs. (6.1), (6.2) and (6.7), (6.8), the functions βem and δsw are given in terms of
β and β′ by
βem = βs2R,w + β
′c2R,w , (6.11)
δsw =
(
β − β′
)
s2R,wc
2
R,w , (6.12)
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where c2R,w = 1 − s
2
R,w. The first coefficients in the perturbative expansions of β
em and δsw
are thus given by
βem1 = β1 + β
′
1 = −
7
2
+
16
9
Ng , (6.13)
δsw1 = β1 − s
2
R,w
(
β1 + β
′
1
)
= −
43
12
+
2
3
Ng − s
2
R,w
(
−
7
2
+
16
9
Ng
)
. (6.14)
The bosonic contributions to βem1 and δ
sw
1 are precisely the coefficients which appear in the
e+e− → W+W− tree level cross section components σˆγγ and σˆγZ , respectively, in the high
energy limit s/M2W → ∞ [cf. Eqs. (3.24) and (3.25), and the third remark which follows
them] and hence which appear in the corresponding W+W− contributions to the one loop
self–energies Σˆγγ and ΣˆγZ [cf. Eqs. (4.7) and (4.8)]. The running electromagnetic coupling
α¯ and the running weak mixing angle s¯2w are then defined as the solutions of the differential
equations in Eqs. (6.9) and (6.10) or, equivalently, directly from the running couplings g¯2 and
g¯′2:
α¯(µ2) =
1
4π
g¯2(µ2)g¯′2(µ2)
g¯2(µ2) + g¯′2(µ2)
=
αR
1− αRpi β
em
1
1
2 ln(µ
2/µ20)
, (6.15)
s¯2w(µ
2) =
g¯′2(µ2)
g¯2(µ2) + g¯′2(µ2)
= s2R,w −
αR
pi δ
sw
1
1
2 ln(µ
2/µ20)
1− αRpi β
em
1
1
2 ln(µ
2/µ20)
, (6.16)
where the explicit expressions for α¯ and s¯2w are again in the leading–logarithm approximation,
with α¯(µ20) = αR and s¯
2
w(µ
2
0) = s
2
R,w .
From the definitions Eqs. (5.11)–(5.13), and Eq. (5.5), together with the explicit expres-
sions Eqs. (4.7)–(4.9) and Eqs. (A.8)–(A.12) for the electroweak gauge field contributions
to the self–energies, and also the standard fermion and Higgs contributions (not considered
here), we obtain:
lim
−q2/M2
W
→∞
αeff(q
2) = α¯(q2) , (6.17)
lim
−q2/M2
W
→∞
αZ,eff(q
2) =
α¯(q2)
s¯2w(q
2)c¯2w(q
2)
, (6.18)
lim
−q2/M2
W
→∞
αW,eff(q
2) =
α¯(q2)
s¯2w(q
2)
, (6.19)
lim
−q2/M2
W
→∞
s2w,eff(q
2) = s¯2w(q
2) . (6.20)
Thus, in the high energy limit, when all masses can be neglected, the q2–dependence of the
four effective quantities αeff , αZ,eff , αW,eff and s
2
w,eff is fully specified by the renormalization
group running of the two independent quantities α¯ and s¯2w.
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7 The Effective Charges and the Background Field Method
In this section we compare the effective charges constructed in Sec. 5 with those obtained
directly from one–loop perturbation theory in the background field method (BFM). This
comparison is pertinent for two reasons. First, when a non–abelian theory is quantized in
the BFM, the background gauge boson self–energies capture fully the renormalization group
running of the gauge couplings, just as in QED. The BFM then naturally provides a well–
defined field theoretic framework in which the renormalization group running couplings may
be extended into the non–asymptotic region to define sets of background field effective charges.
Second, as is now well known, there exists a connection between the one–loop PT n–point
functions and those obtained in the BFM. In Secs. 3 and 4, it was shown that when the QED
relation between one–loop contributions to the gauge field self–energy and the tree level cross
sections for the corresponding physical processes is extended to the electroweak theory, the
gauge field contributions to the electroweak self–energies which result are identical to those
obtained in the PT. It is therefore instructive to reconsider the connection between the PT
and the BFM in the context of the approach followed here.
In the BFM [27], the bosonic fields are decomposed into background and quantum com-
ponents, and the gauge fixing for the quantum gauge fields then chosen such that the effective
action remains explicitly invariant under gauge transformations of the background fields. As
a result of this exact background gauge invariance, the one-particle-irreducible background
field n–point functions, although still dependent on the quantum gauge fixing parameter ξQ,
obey simple QED–like Ward identities to all orders in perturbation theory. In particular, in
the BFM formulation of the electroweak theory [28], the renormalization constants for the
background γ, Z and W gauge fields are ξQ–independent, and are related to those of the
electromagnetic coupling and the weak mixing angle precisely as in Eqs. (B.8). Consequently,
the set of effective charges defined by the Dyson summation of the background gauge field
self–energies are renormalization scale– and scheme–independent, and at asymptotic energies
match on to the corresponding running quantities defined from the renormalization group.
However, in the non–asymptotic region the BFM effective charges retain a dependence on the
quantum gauge parameter ξQ. Thus, the effective charges defined via the Dyson summation
of the BFM self–energies, although well–defined at the field theoretic level and while satisfying
the constraints of the renormalization group, are not unique.
It has been observed by various authors [28–30] that the PT gauge–independent one–
loop n–point functions coincide with the background field n-point functions computed in
the Feynman quantum gauge ξQ = 1, both in QCD and the electroweak Standard Model.
∗
Furthermore, it has been argued [28,32] that the PT n–point functions are not distinguished
on physical grounds from the BFM n–point functions computed for an arbitrary value of
∗ For an extensive discussion of the connection between the PT and the BFM in perturbation theory at the
one–loop level and beyond, see Ref. [31].
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ξQ. In the case of the gauge boson self–energies, this argument leads to the conclusion that,
away from the asymptotic region governed by the renormalization group, there is no unique,
physically distinguished way in which to extend the concept of an effective charge from QED
to the electroweak sector of the Standard Model in particular, and to non–abelian gauge
theories in general.
However, as emphasized in Ref. [7], for ξQ 6= 1 the imaginary parts of the BFM electroweak
self–energies ΣBFMij , i, j = γ, Z,W , include terms with unphysical thresholds. For example, for
the one–loop contributions of the W and its associated would–be Goldstone boson and ghost
to ΣBFMZZ [32], one obtains
ImΣBFM(WW )ZZ (ξQ, q
2) = Im Σˆ(WW )ZZ (q
2) +
α
24s2wc
2
w
(q2 −M2Z)
1
M4Z
×
{(
(8M2W + q
2)(M2Z + q
2) + 4M2W (4M
2
W + 3M
2
Z + 2q
2)
)
λ
1
2 (q2,MW ,MW )ϑ(q
2 − 4M2W )
+
(
(8M2W + q
2)(M2Z + q
2)− 4M2W (4M
2
W + 3M
2
Z + 2q
2)
−4(ξQ − 1)M
2
W (4M
2
W +M
2
Z + q
2)
)
λ
1
2 (q2,
√
ξQMW ,
√
ξQMW )ϑ(q
2 − 4ξQM
2
W )
−2
(
8M2W + q
2 − 2(ξQ − 1)M
2
W + (ξQ − 1)
2M4W q
−2
)
(M2Z + q
2)×
λ
1
2 (q2,MW ,
√
ξQMW )ϑ(q
2 − (1 +
√
ξQ)
2M2W )
}
, (7.1)
where λ(q2,Mi,Mj) was defined after Eq. (3.30). These gauge–dependent unphysical thresh-
olds are artefacts of the BFM electroweak Rξ–like gauge fixing procedure, and exactly cancel
in the calculation of any physical process. For example, one can consider in the framework
of the BFM the radiative corrections to the process e+e− → e+e− in the case of forward
scattering, as discussed in the introduction. The contributions of the W and its associated
would–be Goldstone boson and ghost to the one–loop BFM radiative corrections are just as
illustrated schematically on the l.h.s. of Fig. 3. The unphysical thresholds which occur in the
imaginary parts of the various one–loop self–energy contributions are then exactly cancelled
by corresponding unphysical contributions from the imaginary parts of the one–loop vertex
and box contributions. Thus, as stated in the introduction, these cancellations leave just
the contribution proportional to the tree level cross section for the on–shell physical process
e+e− →W+W−, illustrated on the r.h.s. of Fig. 3, with threshold at q2 = 4M2W .
Clearly, the unphysical thresholds which occur in the imaginary parts of the electroweak
n–point functions in the BFM (or indeed with any other gauge fixing procedure) are not
experimentally measurable quantities. It follows that the gauge field contributions to the
renormalized BFM electroweak self–energies ΣBFMR,ij (ξQ, q
2) computed with ξQ 6= 1 cannot be
reconstructed from the tree level cross sections for the corresponding on–shell physical pro-
cesses. Furthermore, as remarked in Ref. [32] (third paper), it is not a priori obvious that,
even for ξQ = 1, all thresholds in the imaginary parts of the BFM self–energies are due to
physical fields. Here, by obtaining the full one–loop W contribution to the renormalized PT
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neutral current self–energies, coincident with the BFM self–energies at ξQ = 1, directly from
the tree level cross section for the on–shell physical process e+e− →W+W−, we have shown
explicitly that, in the BFM at ξQ = 1, the thresholds which occur at q
2 = 4M2W are due solely
to the physical W+W− pair. We therefore conclude that the particular value ξQ = 1 in the
BFM precisely is distinguished on physical grounds from all other values of ξQ.
†
8 Phenomenological Determination of the Effective Charges
Finally, we turn to the extraction from experiment of the effective charges and weak mixing
angle. In QED, the fine structure constant α together with the mass(es) of the fermion(s)
provides the experimental input required to determine the parameters of the theory. The
overall scale of the effective charge is then determined by α, while in the on–shell scheme the
subtraction point in the dispersion relation Eq. (2.4) for the renormalized vacuum polarization
function is at s = 0. The one–loop contributions to the spectral function ImΠ are then
directly proportional to components of the tree level cross sections for the corresponding
fermion scattering processes, as described in the Introduction.
In the electroweak Standard Model, the parameters of the theory are determined by three
independent experimental inputs together with the masses of the fermions and the Higgs
boson. In the on–shell scheme, these three parameters are chosen to be the fine structure
constant, defined from Compton scattering in the classical Thomson limit, and the masses of
theW and Z gauge bosons, defined from the pole positions of the corresponding propagators.
At the one–loop level in the electroweak theory, the quantum correction to the fine struc-
ture constant which appears in the classical Compton scattering process is given by
α =
e2
4π
(
1−Πγγ(ξ, 0) −
2sw
cw
ΣγZ(ξ, 0)
M2Z
)
(8.1)
=
e2
4π
(
1− Πˆγγ(0)
)
=
e2R
4π
(
1− ΠˆR,γγ(0)
)
. (8.2)
In Eq. (8.1), Πγγ(ξ, q
2) and ΣγZ(ξ, q
2) are the conventional gauge–dependent photon vacuum
polarization and γ–Z self–energy in the class of renormalizable (Rξ) gauges with (common)
gauge parameter ξ. At vanishing four–momentum transfer q2 = 0, the combination of these
two functions in Eq. (8.1) is gauge–independent and is precisely equal to the the PT function
Πˆγγ(q
2) at q2 = 0. ‡ Thus, the PT photon vacuum polarization specifies fully the one–loop
electroweak radiative corrections to the classical Compton scattering process in the Thomson
limit. This is precisely analogous to QED. In the second equality in (8.2), the Ward identity
† For a discussion of the pathologies which result from the Dyson summation of self–energies which include
unphysical thresholds, see Ref [7].
‡ The expressions for the PT functions Πˆγγ(q
2) and ΣˆγZ (q
2) in terms of Πγγ(ξ = 1, q
2) and ΣγZ (ξ = 1, q
2)
can be found in Eqs. (16a) and (16b) of Ref. [13]. Using these expressions, together with the fact that
ΣˆγZ(0) = 0, one obtains the first equality in (8.2).
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Eq. (B.10) has been used to write the one–loop expression for α in terms of renormalized
quantities. In the on–shell scheme, with subtraction point sγγ = 0, ΠˆR,γγ(0) = 0 and eR is
identified with the physical electron charge.
Also at the one–loop level, the pole positions s¯Z and s¯W of the conventional Rξ gauge Z
and W propagators are given by
s¯i = M
2
i − Σii(ξ,M
2
i ) (8.3)
= M2i − Σˆii(M
2
i ) = M
2
R,i + δM
2
i − Σˆii(M
2
i ) , i = Z,W. (8.4)
At q2 =M2Z [M
2
W ], the conventional Rξ gauge self–energy function ΣZZ(ξ, q
2) [ΣWW (ξ, q
2)] is
gauge–independent and is precisely equal to the PT function ΣˆZZ(q
2) [ΣˆWW (q
2)] at q2 =M2Z
[M2W ]. Thus, the PT self–energies do not shift the position of the complex poles. This was
shown to one-loop order in Refs. [12, 13] and to higher orders in Ref. [6]. In the second
equality in (8.4), the bare masses have been written in terms of renormalized masses and
counterterms. In the on–shell scheme, with renormalization conditions δM2i = Re Σˆii(M
2
i ),
i = Z,W , MR,Z and MR,W are identified with the physical Z and W masses. In this scheme,
the renormalized weak mixing angle is then defined by
c2R,w = 1− s
2
R,w =
M2R,W
M2R,Z
. (8.5)
Thus, in the on–shell scheme at the one–loop level, the overall scale of each of the three
effective charges Eqs. (5.11)–(5.13) and the effective weak mixing angle Eq. (5.5) is given
by the fine structure constant α and the ratio cR,w of the physical W and Z masses; the
subtraction points sγγ and sγZ for ΣˆR,γγ and ΣˆR,γZ in the dispersion relation Eq. (4.2) are
both at zero; and the subtraction points sZZ and sWW for ΣˆR,ZZ and ΣˆR,WW in the dispersion
relation Eq. (4.2) are given by the squares of the physical Z and W masses, respectively.
It remains to extract from experiment the absorptive parts Im Σˆγγ , Im ΣˆγZ , Im ΣˆZZ and
Im ΣˆWW of the electroweak self–energy functions. In QED, the one–loop muon contribution of
to the spectral function ImΠ is determined directly from the tree level cross section σ(e+e− →
µ+µ−). For the one–loop electron contribution to ImΠ, however, it is necesssary to project
out the self–energy–like component of the tree level cross section σ(e+e− → e+e−). This is
possible due to the linear independence of the self–energy–, vertex– and box–like components
of the Bhabha differential cross section Eq. (2.1). Similarly, in the electroweak Standard
Model, in order to obtain the gauge boson contributions to the functions Im Σˆγγ , Im ΣˆγZ ,
Im ΣˆZZ and Im ΣˆWW , it is necessary to project out the self–energy–like components of the
physical cross sections e+e− → W+W− and e+e− → ZH for the neutral current functions,
and e+νe →W
+Z, e+νe →W
+γ and e+νe →W
+H for the charged current function. These
projections can be obtained by the appropriate convolution of the full differential cross sections
with specific angular functions. To illustrate the procedure, we shall explicitly discuss the
simplified limit in which the weak mixing angle is set to zero, i.e. the case of a broken SU(2)L
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gauge theory. In this case, it is sufficient to know the differential cross sections in order to
make the projection. The general case with s2w 6= 0 requires in addition the observation of
spin density matrices [34]; though technically more involved, the procedure is in principle the
same. The important property which we wish to stress is that, in contrast to the conventional
gauge–dependent self–energies, the absorptive parts Im Σˆγγ , Im ΣˆγZ , Im ΣˆZZ and Im ΣˆWW of
the pinch technique self–energies are directly related to components of physical cross sections
which are, in principle, experimentally observable.
We thus set s2w = 0 in Eqs. (3.18)–(3.23), with α = g
2s2w/4π. It is also convenient to
introduce the variables
x = cos θ , z =
1 + β2
2β
. (8.6)
Then
s
t
= −
2
β
1
(z − x)
. (8.7)
The function Mˆνν Eq. (3.23) specifying the box–like contribution to the differential cross
section has a double pole at the (unphysical) point z = x; the function MˆZν Eq. (3.22)
specifying the vertex–like contribution has a single pole at z = x; and the function MˆZZ
Eq. (3.20) specifying the self–energy–like contribution has no pole. If the differential cross
section is multiplied by the factor (z − x)2, the resulting observable then has a simple degree
four polynomial dependence on the variable x = cos θ. The product of the differential cross
section and (z−x)2 can therefore be expanded in terms of any set of five linearly independent
polynomials Fi(s, x), i = 1, 2 . . . 5 of degree four in x, and which may also depend on s :
(z − x)2
dσ(e+e− →W+W−)
dx
∣∣∣∣∣
sw=0
=
g4
64π
β
s
(s−M2)2
5∑
i=1
Ai(s)Fi(s, x) (8.8)
(we have used dΩ = 2π dx and on the r.h.s. extracted an overall factor for convenience).
We now make the following choice for the polynomials Fi(s, x), with from Eqs. (3.8),
(3.20), (3.22) and (3.23) the corresponding coefficient functions Ai(s):
F1(s, x) = (z − x)
2 A1(s) =
5
32
(β2 − 12)ϑ(s − 4M2) ,
F2(s, x) = (z − x)
2 x2 A2(s) = −
9
32
β2 ϑ(s− 4M2) ;
F3(s, x) = (z − x)(1 − x
2) A3(s) = −
β
2
(
s−M2
s
)
ϑ(s− 4M2) ,
F4(s, x) = (z − x)(1 − βx) A4(s) =
2
β
(
s−M2
s
)
ϑ(s− 4M2) ;
F5(s, x) = 1− x
2 A5(s) =
1
2
(
s−M2
s
)2
ϑ(s− 4M2) .
(8.9)
The above choice of polynomials Fi(s, x) is such as to isolate explicitly the self–energy–like,
vertex–like and box–like components of the differential cross section. Thus, the coefficients
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A1(s) and A2(s) contribute only to the self–energy–like component dσˆZZ/dx; the coefficients
A3(s) and A4(s) contribute only to the vertex–like component dσˆZν/dx; and the coefficient
A5(s) contributes only to the box–like component dσˆνν/dx. In particular, the imaginary part
of the W contribution to the self–energy is then given by
Im Σˆ(WW )R,ZZ(s)
∣∣∣
sw=0
=
g2
4π
βs
(
A1(s) +
1
3
A2(s)
)
. (8.10)
The Wronskian for the five functions Fi(s, x) is given by W (Fi) = 288(1 − zβ)(1 − z
2). The
functions are therefore linearly independent for all values of s except at the zeros of W (Fi)
occurring at z = β−1 and (equivalently) z = 1, i.e. at s/M2W →∞.
To project out the functionsAi(s) we construct a further set of five degree four polynomials
F˜i(s, x) satisfying the orthogonality conditions∫ 1
−1
dxFi(s, x)F˜j(s, x) = δij , i, j = 1, 2 . . . 5 . (8.11)
The explicit expressions for the F˜i(s, x) corresponding to the specific choice of Fi(s, x) in (8.9)
are given in App. C. Using these functions F˜i(s, x), the coefficient functions Ai(s) may then
be projected out from the observable formed from the product of the differential cross section
and the kinematic factor (z − x)2 :
∫ 1
−1
dx F˜i(s, x) (z − x)
2 dσ
dx
∣∣∣∣
sw=0
=
g4
64π
β
s
(s−M2)2
Ai(s) . (8.12)
Thus, by expanding the product of the differential cross section and (z − x)2 in terms of
functions Fi(s, x) which characterize explicitly the angular (x) dependence of the self–energy–,
vertex– and box–like components of the differential cross section, it is possible to extract
Im Σˆ(WW )R,ZZ(s)|sw=0 directly from dσ(e
+e− → W+W−)/dx|sw=0.
9 Conclusions
The analysis presented here demonstrates the existence of effective charges in non–abelian
gauge theories with properties precisely analogous to those of the well–known effective charge
of QED. We have shown this by an explicit construction in the neutral current sector of the
electroweak Standard Model, where the processes e+e− →W+W− and e+e− → ZH play the
same roˆle as the processes e+e− → f+f− in QED with fermions f = e, µ . . . .
For the process e+e− →W+W−, we have shown how the tree level cross section naturally
decomposes into components which are uniquely defined according to the propagator structure
occurring in the square of the modulus of the S–matrix element, and which are individually
well–behaved at high energy. This decomposition follows directly from the systematic use of
tree level Ward identities to implement cancellations among contributions originating from
diagrams with distinct s– and t–dependence. These cancellations are purely non–abelian in
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character, and have no analogue in QED. The resulting expressions for the self–energy–like
components of the tree level cross section explicitly display the W contributions to the one–
loop electroweak β–functions, in the same way as the self–energy–like components of the tree
level e+e− → f+f− cross sections display the corresponding fermion contributions. We have
then used the self–energy–like components of the tree level e+e− →W+W− cross section and
the full tree level e+e− → ZH cross section to obtain one–loop gauge boson contributions to
renormalized electroweak self–energy functions using dispersion relations, by direct analogy
with QED. The self–energy functions so obtained are identical to the corresponding functions
obtained in the pinch technique. These self–energy functions, together with that for the W ,
were then used to construct the electroweak effective charges and the effective weak mixing
angle. We have shown how, in the on–shell renormalization scheme, the subtractions points
in the dispersion relations and also the overall scale of the effective charges and weak mixing
angle are related to the three experimental inputs used to determine the basic parameters of
the electroweak theory. Furthermore, we have described how the gauge boson contributions
to the absorptive parts of the self–energy functions may be projected out directly from the
corresponding tree level physical cross section.
Radiative corrections to two–point functions in the electroweak Standard Model are thus
fully accounted for by four independent functions: the three effective charges in Eqs. (5.11)–
(5.13), and the effective weak mixing angle in Eq. (5.5). These four effective quantities are
gauge–independent, and also renormalization scale– and scheme–independent. In the high
energy limit, when all masses can be neglected, the q2–dependence of these four effective
quantities is fully specified by the renormalization group running of two independent quan-
tities, which may be chosen to be the running electromagnetic coupling α¯ and the running
weak mixing angle s¯2w. At all other momentum scales where masses cannot be neglected, the
effective charges we have constructed provide the unique and unambiguous extension of the
QED concept of an effective charge to include the contributions of massive gauge bosons. The
comparison of these functions with experiment, along the lines discussed in Ref. [35], should
provide a natural way to parameterize possible deviations from the Standard Model due to
“new physics”.
We consider the fact that the self–energy functions which we have constructed from the
physical processes e+e− → W+W− and e+e− → ZH turn out to be identical to those ob-
tained by the pinch technique provides a convincing argument in favour of the pinch technique
approach to the construction of effective charges. Indeed, it is remarkable that the simple
QED unitarity relation among components of the tree level cross section for the interaction of
on–shell particles and the imaginary parts of the corresponding one–loop self–energy, vertex
and box functions may be extended to non–abelian gauge theories in this way. Further-
more, the cancellation mechanism illustrated in Fig. 5 responsible for the good high energy
behaviour of the tree level e+e− → W+W− cross section is also that responsible for the
gauge–independence of the W contributions to the PT self-energies Σˆγγ , ΣˆγZ and ΣˆZZ ob-
30
tained via the rearrangement of one–loop perturbation theory diagrams. Clearly, it would be
worthwhile now to extend this construction to the one–particle–irreducible two–loop level.
The electroweak example which we have worked out also gives support to the QCD effective
charge obtained by the pinch technique, recently extensively discussed in ref. [8], as the
appropriate quantity to be used in renormalon calculus in the one–loop approximation of
the β–function. In a similar way to the electroweak effective charges constructed here, the
QCD effective charge constructed in [8] corresponds to a well–defined class of components of
Feynman diagrams selected by the tree level Ward identities.
In spite of the progress which has been made in understanding the concept of an effective
charge in non–abelian gauge theories, there remain issues which we still would like to clarify:
• One issue is the possible connection with conformal invariance: once the higher orders
of perturbation theory are absorbed in the effective charge, one would expect, in the
massless limit, conformal invariance to be restored. What are then the corresponding
constraints?
• So far we only have a diagrammatic understanding of the construction of an effective
charge. Although, as explained in this paper, we are able to relate this construction to
physical observables, we still lack a formal understanding, in particular in terms of a
path integral formulation. What is the constraint on the path integral which projects
the effective charge two–point functions directly?
We hope to come back to these questions in the near future.
It is a pleasure to thank J. Bernabe´u, F. Boudjema, R. Coquereaux, M. Hassler, S. Peris,
M. Perrottet and A. Pich for useful discussions. NJW acknowledges the financial support of
EC HCM grant ERB4001GT933989.
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Appendix A
In this Appendix, we give the explicit expressions for the renormalized self–energy functions
Σˆ(ZH)R,ZZ , Σˆ
(WH)
R,WW , Σˆ
(Wγ)
R,WW and Σˆ
(WZ)
R,WW defined in Sec. 4. To this end, it is convenient to
introduce the function Lij defined by
Lij(q
2) =
1
4
λ
1
2
ij ln ρij − 1 +
1
2
ln
2MiMj
M2i +M
2
j
+
1
2
κij ln
Mi
Mj
, (A.1)
where
λij =
(
1−
(Mi +Mj)
2
q2
)(
1−
(Mi −Mj)
2
q2
)
, (A.2)
ρij =
M2i +M
2
j − (1 + λ
1
2
ij)q
2
M2i +M
2
j − (1− λ
1
2
ij)q
2
, (A.3)
κij =
M2i −M
2
j
q2
. (A.4)
Thus
ImLij(q
2) = −
π
2
λ
1
2
ij ϑ(q
2 − (Mi+Mj)
2) , (A.5)
q2
dLij(q
2)
dq2
=
1
λij
{(
M2i +M
2
j
q2
− κ2ij
)(
1
4
λ
1
2
ij ln ρij − 1
)
+
1
2
(
1− κ2ij
)}
−
1
4
κij ln
Mi
Mj
.(A.6)
For the particular case i = j = W , λ
1
2
WW = β, ρWW = (β + 1)
2/(β − 1)2, κWW = 0 and
LWW (q
2) = B(q2) [cf. Eq. (4.10)]. Also, for the case j = γ, i.e. Mj = 0, Eq. (A.1) reduces to
Liγ(q
2) =
1
2
(
1−
M2i
q2
)
ln
(
1−
q2
M2i
)
+
1
2
ln 2 − 1 . (A.7)
The ZH and WH one–loop contributions to the self–energies ΣˆR,ZZ and ΣˆR,WW , respec-
tively, renormalized in the on–shell scheme are then given by
Σˆ(ZH)R,ZZ(q
2) =
1
s2wc
2
w
Σˆ(iH)R,ii(q
2)
∣∣∣
i=Z
, (A.8)
Σˆ(WH)R,WW (q
2) =
1
s2w
Σˆ(iH)R,ii(q
2)
∣∣∣
i=W
, (A.9)
where
Σˆ(iH)R,ii(q
2) =
α
π
(
q2 −M2i
)
×{(
−
1
24
−
5M2i
12q2
+
M2H
12q2
−
(M2i −M
2
H)
2
24q4
)
q2
(
LiH(q
2)− LiH(M
2
i )
q2 −M2i
)
−
(
−
1
2
+
M2H
6M2i
−
M4H
24M4i
)
M2i
dLiH(q
2)
dq2
∣∣∣∣∣
M2
i
−
1
48
(
1− ln
2M2i
M2i +M
2
H
−
M2H
M2i
[
1− ln
2M2i
M2i +M
2
H
])(
1−
M2H
M2i
)(
1−
M2i
q2
)}
. (A.10)
32
Similarly, theWγ andWZ one–loop contributions to the self–energy ΣˆR,WW renormalized
in the on–shell scheme are given by
Σˆ(Wγ)R,WW (q
2) =
α
π
(
q2 −M2W
){(11
3
−
4M2W
3q2
−
M4W
3q4
)
q2
(
LWγ(q
2)− LWγ(M
2
W )
q2 −M2W
)
−2M2W
dLWγ(q
2)
dq2
∣∣∣∣∣
M2
W
−
1
6
(
1− ln 2
)(
1−
M2W
q2
)}
, (A.11)
Σˆ(WZ)R,WW (q
2) =
α
π
c2w
s2w
(
q2 −M2W
){(11
3
−
4M2W
3q2
+
2M2Z
3q2
−
(M2W−M
2
Z)
2
3q4
+
1
c2w
[
−
1
24
+
19M2W
12q2
−
5M2Z
12q2
−
(M2W−M
2
Z)
2
24q4
])
q2
(
LWZ(q
2)− LWZ(M
2
W )
q2 −M2W
)
−
(
2 +
17
6c2w
−
2
3c4w
−
1
24c6w
)
M2W
dLWZ(q
2)
dq2
∣∣∣∣∣
M2
W
−
(
1
6
+
1
48c2w
)(
s2w
c2w
ln
2
1 + c2w
+ ln c2w
)
s2w
c2w
(
1−
M2W
q2
)}
. (A.12)
Note that in the limit s2w = 0, Σˆ
(Wγ)
R,WW (q
2) = 0 and, from Eq. (4.9), Σˆ(WZ)R,WW (q
2) = Σˆ(WW )R,ZZ(q
2).
Appendix B
In this Appendix, we give a brief discussion of the relations between the renormalization
constants involved in the renormalization of the PT electroweak two–point functions. In
particular, it is described how, as a result of the Ward identities obeyed by the PT n–point
functions, the three effective charges and the effective weak mixing angle defined in Sec. 5 in
terms of unrenormalized quantities take exactly the same form when written in terms of the
corresponding renormalized quantities. Thus, they may be related directly to experimentally
measureable quantities, as described in Sec. 7.
Renormalization constants are defined for the electromagnetic coupling and the gauge
boson masses by
e2 = Zee
2
R ,
M2Z = M
2
R,Z + δM
2
Z , (B.1)
M2W = M
2
R,W + δM
2
W ,
and for the gauge fields by
(
A
Z
)
=

 Z
1
2
AA Z
1
2
AZ
Z
1
2
ZA Z
1
2
ZZ


(
AR
ZR
)
,
W± = Z
1
2
WW
±
R .
(B.2)
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The renormalized form ΓˆR,NC of the matrix ΓˆNC Eq. (5.1) collecting the PT bare neutral
current two–point functions is then given by
ΓˆR,NC =

 Z
1
2
AA Z
1
2
ZA
Z
1
2
AZ Z
1
2
ZZ

 ΓˆNC

 Z
1
2
AA Z
1
2
AZ
Z
1
2
ZA Z
1
2
ZZ

 . (B.3)
Similarly, the renormalized form ΓˆR,CC of the PT bare charged current two–point function is
given by
ΓˆR,CC = ZW
(
q2 −M2W + ΣˆWW
)
. (B.4)
For the particular case of the on–shell scheme considered here, ΓˆR,NC and ΓˆR,CC take the
form
ΓˆR,NC =
(
q2 + ΣˆR,γγ ΣˆR,γZ
ΣˆR,γZ q
2 − s¯Z + ΣˆR,ZZ
)
, (B.5)
ΓˆR,CC = q
2 − s¯W + ΣˆR,WW , (B.6)
where s¯Z and s¯W are the Z and W complex pole positions, respectively.
It is convenient to introduce as auxilliary quantities the sine and cosine of the renormalized
weak mixing angle, together with the corresponding renormalization constants:
c2w ≡ 1− s
2
w =
M2W
N2Z
=
M2R,W + δM
2
W
M2R,Z + δM
2
Z
= Zcwc
2
R,w ≡ 1− Zsws
2
R,w . (B.7)
Then, for example, in the on–shell scheme c2R,w = M
2
R,W /M
2
R,Z , so that to one–loop order
Zcw = 1 + δM
2
W /M
2
W − δM
2
Z/M
2
Z .
The PT one–loop n–point functions have been shown explicitly to obey the same Ward
identities as the corresponding tree level functions [11, 15]. The requirement that the renor-
malized functions satisfy the same identities as the unrenormalized functions then leads to
relations among the renormalization constants. In particular, using these tree–level–like Ward
identities, it is straightforward to obtain the following relations:

 Z
1
2
AA Z
1
2
AZ
Z
1
2
ZA Z
1
2
ZZ

 = 1
Z
1
2
e

 1 sR,wcR,w (Zsw − 1)
0 Z
1
2
swZ
1
2
cw

 ,
Z
1
2
W =
1
Z
1
2
e
Z
1
2
sw .
(B.8)
Using the above definitions of the renormalized quantities eR, ΓR, sR,w and cR,w, together
with the above relations among the renormalization constants, the amplitude for the PT
two–point component of the interaction between fermions with charges Q,Q′ and isospins
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I3, I
′
3 given in Eq. (5.2) in terms of bare quantities may be written
(
eQ′
e
swcw
(I ′3 − s
2
wQ
′)
)
Γˆ−1NC

 eQe
swcw
(I3 − s
2
wQ)

 =
(
eRQ
′ eR
sR,wcR,w
(I ′3 − s
2
R,wQ
′)
)
Γˆ−1R,NC

 eRQeR
sR,wcR,w
(I3 − s
2
R,wQ)

 . (B.9)
Thus, the amplitude Eq. (5.2) takes exactly the same form when expressed in terms of the
corresponding renormalized quantities. As a result, the products e2∆ˆγ and (e
2/s2wc
2
w)∆ˆZ of
couplings with the propagator functions Eqs. (5.3) and (5.4), and the effective weak mixing
angle s2w,eff Eq. (5.5) defined from the diagonal form of the amplitude on the r.h.s. of Eq. (5.2),
also take exactly the same form when expressed in terms of the renormalized quantities. An
exactly similar result holds for the product (e2/s2w)∆ˆW in the PT Dyson–summed two–point
component of the charge current interaction between fermions given in Eq. (5.6). Alterna-
tively, multiplying out the components of Eqs. (B.3) and using the relations Eq. (B.8), one
can verify the explicit relations
q2 + ΣˆR,γγ =
1
Ze
(
q2 + Σˆγγ
)
, (B.10)
q2 − s¯Z + ΣˆR,ZZ −
Σˆ2R,γZ
q2 + ΣˆR,γγ
=
ZswZcw
Ze
(
q2 −M2Z + ΣˆZZ −
Σˆ2γZ
q2 + Σˆγγ
)
, (B.11)
q2 − s¯W + ΣˆR,WW =
Zsw
Ze
(
q2 −M2W + ΣˆWW
)
, (B.12)
1 +
cR,w
sR,w
ΣˆR,γZ
q2 + ΣˆR,γγ
= Zsw
(
1 +
cw
sw
ΣˆγZ
q2 + Σˆγγ
)
, (B.13)
among the combinations of self–energies appearing in ∆ˆγ , ∆ˆZ , ∆ˆW and s
2
w,eff in Sec. 5 (for
clarity, the above expressions have been given in terms of functions renormalized in the on–
shell scheme; they in fact hold for the components of ΓR,NC and ΓR,CC in any scheme).
The three effective charges αeff , αZ,eff and αW,eff , obtained after factoring out the poles
(q2)−1, (q2 − s¯Z)
−1 and (q2 − s¯W )
−1 from the products of bare charges and diagonal bare
propagator functions e2∆ˆγ , (e
2/s2wc
2
w)∆ˆZ and (e
2/s2w)∆ˆW , respectively, and the effective weak
mixing angle s2w,eff , defined from the diagonal bare neutral current amplitude, may therefore
be expressed entirely in terms of the corresponding renormalized quantities, as in the second
equality in each of Eqs. (5.11)–(5.13) and (5.5).
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Appendix C
In this Appendix, we give the explicit expresssions for the polynomials F˜i(s, x), i = 1, 2 . . . 5,
defined in Sec. 7. Setting D ≡ (1− βz)(1 − z2), they are as follows:
F˜1(s, x) =
5
4D
{
3
32
(
16− (1− βz)(71 − 63z2)
)
− 3(β + z)x
−
21
16
(
16− (1− βz)(53 − 45z2)
)
x2 + 7(β + z)x3
+
63
32
(
16− (1− βz)(43 − 35z2)
)
x4
}
, (C.1)
F˜2(s, x) =
315
128
{
3− 30x2 + 35x4
}
, (C.2)
F˜3(s, x) =
5
8
{
189
8
z − 21x−
945
4
zx2 + 35x3 +
2205
8
zx4
}
, (C.3)
F˜4(s, x) =
5
4D
{
−
3
2
z + 3(1 + z2)x+ 21zx2 − 7(1 + z2)x3 −
63
2
zx4
}
, (C.4)
F˜5(s, x) =
5
8(1 − z2)
{
3
16
(15 − 70z2 + 63z4) + 3z(5 − 7z2)x−
21
8
(5− 42z2 + 45z4)x2
−7z(3 − 5z2)x3 +
63
16
(3− 30z2 + 35z4)x4
}
. (C.5)
Note that F˜2(s, x) is proportional to the fourth Legendre polynomial P4(x).
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